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^ ' Abstract 

We use the computational power of rational homotopy theory to provide an explicit 

cochain model for the loop product and the string bracket of a 1-connected closed 

^vq I manifold M. We prove that the loop homology of M is isomorphic to the Hochschild 

cohomology of the commutative graded algebra Apl{M) with coefficients in itself. 

Some explicit computations of the loop product and the string bracket are given. 
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> ■ 1 Introduction and preliminaries 

en ' 

■^ ' Let M be a 1-connected closed oriented m-manifold and 

in 

(^ ' LM = M := {unbased continuous map S — > M} 

^' 

^^ I be the associated free loop space. The loop homology of M is the ordinary homology 

,^ ■ of LM, with a shift of degrees, EI^(LM) = H^j^m{LM) together with a commutative 

d • associative product, called loop product: 



,{LM)(E)mg{LM) ^Mp+giLM), a(g)b^a»b. 



S^ . This product was discovered by M. Chas and D. Sullivan, [3j who defined it in terms of 

H I "transversal geometric chains" on LM by mixing the intersection product on M, 

Hp{M) Hg{M) ^ Hp+q_m{M) 

with the composition of loops 

LM X Af LM = {composable loop} -^ LM . 

In 0, R. Cohen and J.D.S. Jones used the Pontryagin-Thom structure to show that the 
loop product is realized at the homotopy level by Thom spectra. By using intersection 
product in the setting of Hilbert manifolds, 4 , D. Chataur, provides an other description 
of the loop product. 

In this paper we start with an elementary description of the loop product in terms of 
the diagonal class of M. Then, we prove 

Theorem A. When coefRcients are taken in a held of characteristic zero, there exists an 
explicit model of the loop product in terms of the minimal model of Sullivan of M. 



This model is described in details in the text. Theorem A implies that the rational 
loop product does not depend on the geometry of the manifold but only on its rational 
homotopy type. 

When coefficients are in a field, there is also an isomorphism of graded vector spaces, 
[S] , jm from the singular homology of the space LM to the Hochschild cohomology of the 
singular co chain complex of M: 

n^{LM) -^ HH*{C*M,C*M) . 

In 0, Cohen and Jones assert that this isomorphism can be modified into an isomor- 
phism of commutative graded algebras. More recently S. A. Merkulov, ^S], gives a proof 
based on the theory of iterated integrals when the coefficients are the real numbers. 

We construct here a direct isomorphism of algebras when the coefficients are the ra- 
tional numbers. Our construction uses differential graded Lie algebras. 

Recall that the Lie model of the space M, denoted L, is a differential graded Lie algebra 
defined by the property that the cochain algebra C*L is quasi-isomorphic to the Sullivan 
model of M. In particular, if Ci:{L) denotes the chain complex of the differential graded 
Lie algebra L then H * {C^{L) = H^{M; Q. 

The key point of our work is a chain morphism connecting the chain and the cochain 
complex of L with coefficients in (UL)'^ = Houi{UL, Q) with the adjoint representation: 

c*iL;{uL):) ^ Cm-*{mum . 

The morphism cap is the cap product with a cycle in Cm{L) representing the fundamental 
class in homology. Thanks to the diagonal on C/L, the cochain complex C* {L; (U L)"^) 
is a commutative differential graded algebra quasi-isomorphic to the Sullivan minimal 
model of LM. On the other hand, thanks to the multiplication in UL, the chain complex 
C^f{L; (UL)'^) is a differential graded coalgebra, and the cohomology of the dual differential 
graded algebra is isomorphic to the Hochschild cohomology HH*{UL, UL). More precisely 
we prove: 

Theorem B. Let L = Cm be the minimal Lie model of M. Then the dual map 
Hom{cap, Q) induces in homology an isomorphism of algebras 

m.iLM) ^ H*iC*{L;{UL)a)) , 

where {UL)a is equipped with the adjoint representation and H^{LM) with the loop 
multiplication . 

Now using homological algebra arguments, we prove that H*(C*{L; (UL)a)) is isomorphic 
to the Hochschild cohomology HH*{UL, UL). Then using the natural isomorphism 

HH*{UL, UL) ^ HH*{C*L, C*L) , 

(jHl), and the existence, for the minimal Lie model L of M, of quasi-isomorphisms of 
algebras, C* L ^ A ^ C* M , we recover 

Theorem C. Let M be a simply connected closed manifold, then we have a natural 
isomorphism of algebras $ : M^{LM) ^ HH*{C*M,C*M). 

In [2j, Chas and Sullivan construct also a morphism of algebras 

I -.m^LM) -^ H^nM) 



defined as follows. Let xq be the base point of M and [xq] G Hq{LM) be the homology 
class of the constant loop, then for any a G H^{LM), we define I (a) = a • [xq]. The map 
/ looks like an intersection with the fiber OM. We prove 

Theorem D. There exists an isomorphism of algebras ^ making commutative the diagram 

H,(LM) -^ HH*{C*M,C*M) 

li iHH'{C*M,e) 

H^{nM) -^ HH*{C*M;q) 

where e : C*M —i- Q denotes the usual augmentation. 

Let us recall that an element x G TTq{M) is called a Gottlieb element ( 8^-p.377), if the 
map xMidM '■ S'^VM — > M extends to the product S'^ xM. The Gottlieb elements generate 
a subgroup G*(M) of 7r^(QM) via the isomorphism 7r*(riM) = 7r=K+i(M). Finally, we 
denote by cat M the Lusternik-Schnirelmann category of M, normalized so that cat 5*^=1. 
li follows from (JUI-Theorem 2) that : 

a) The kernel of I is a nilpotent ideal of nilpotency index less than or equal to cat M. 

h) (Im I) n (7r,(0M) Q) = G*(M) Q. 

n 

c) ^ dim (Im I)i < Cn^ , some constant C > and k < cat M. 

Our model of the loop product can also be used to compute the string bracket. Denote 
by LM Xgi ES^ the equivariant free loop space. The long exact homology sequence 
associated to the sphere bundle 5^ -^ LM x ES^ -^ LM Xgi ES^ has the form 

-^ Hn{LM) M^^ Hn{LM Xgi ES^) ^-^ Hn^2{LM Xgi ES^) ^ Hn^i{LM) -^ ■ ■ ■ 

where Cap is the cap product with the characteristic class of the sphere bundle. Using 
this sequence, Chas and Sullivan give to H^{LM X51 £'5'^) the structure of a graded Lie 
algebra of degree (2 — m) 

[a,b] = {-lt\H4p){M{a) . M{b)) , (0). 

Few things are known about this bracket. For surfaces of genus larger than zero, they 
recover formulas proved in the context of symplectic geometry. 

Using computations made in [2j we prove that for any 1-connected manifold M such 
that the cohomology algebra H*{M,'Q) is monogenic, the string bracket is trivial. So for 
spheres, complex projective spaces..., string bracket is trivial. We also produce a model 
allowing explicit computations of the string bracket for any 1-connected compact manifold. 

The text is divided in two parts. In the first one, after recalling some materials, we give 
a description of the loop product and the string bracket in terms of the Sullivan minimal 
model. This step makes the bridge between topology (geometry) and algebra. In the 
second part, we construct an explicit algebra isomorphism E[*(LM) = HH*{C*M; C*M), 
and we prove Theorems B, C and D. 

Part 1 - Algebraic models 

2. Preliminaries on differential homological algebra 

3. A 'Sullivan model' description of the loop product 

4. The string bracket 



Part 2 - The isomorphism m^{LM) ^ HH*{C*M; C*M) 

5. Hochschild cohomology of a Lie algebra 

6. Lie models and the cap product C*{L;M) -^ Cm-*{L]M) 

7. Proof of Theorem B. 

8. The intersection morphism 

2 Preliminaries on differential homological algebra 

All the graded vector spaces, algebras, coalgebras and Lie algebras V are defined over Q 
and are supposed of finite type, i.e. dim T^ < oo for all n. 

2.1 Graded vector spaces 

If y = {Vijjgz is a (lower) graded Q-vector space (when we need upper graded vector 
space we put Vi = F~* as usual) then V'^ denotes the graded dual vector space, 

y^ = Hom(F, Q) , 

sV denotes the suspension of V ^ 

{sV)n = K_i , {sVr = V^+^ , 

and TV denotes the tensor algebra on V , while we denote by TCiV) the free supplemented 
coalgebra generated by V . 

Since we work with graded objets, we will make a special attention to signs. Recall 
that if P = {Pi} and N = {Ni} are differential graded vector spaces then 

• P ® N \s a. differential graded vector space : 

(P (g) N)r = (£)p+q=rPp (g Ng , dp(^N = dp (g) idN + idp ^dN,- 

• Hom(P, N) is a differential graded vector space : 

HomniP,N)= n Rom{Pi,Nk), DHorn{P,N)f = dN o f - {-l)\f\ f o dp . 

k—l=n 

If C is a differential graded coalgebra with diagonal A and A is a differential graded 
algebra with product // then the cup product, fUg = //o (/(g) 3^)0 A, gives to the differential 
graded vector space Hom(C, A) a structure of differential graded algebra. 

2.2 Two-sided bar construction 

Let {A, d) be a differential graded supplemented algebra, A = Q(BA, and (P, d) and (A^, d) 
be differential graded ^d-modules, respectively right and left ^-module. The two-sided bar 
construction, ]B(P;A;N) is defined as follows: 

BkiP; A;N)=P(S) T''{sA) N . 

A generic element is written p[ai[a2|...|afc]n with degree \p\ + \n\ + X]i=i(|saj|) • The dif- 
ferential d = do + di is defined by 

do:lBk{P;A;N)^lBk{P;A;N), di : lBk{P; A; N) ^ lBk-i{P; A; N) , 



with 

dop[]n = d{p)[]n + {-l)^'''^m[]d{n) , dip[]n = 

and if /c > 0, and e^ = \p\ + J2j<i{\saj\)- 

k 
do{p[ai\a2\...\ak]n) = d{p)[ai\a2\...\ak]n - ^{-lY'p[ai\a2\...\d{ai)\...\ak]n 

+{-lYk+ip[a^\a2\...\ak]d{n) 



dip[ai\a2\...\ak]n = {-iyp\pai[a2\...\ak]n + ^{-lY'p[ai\a2\...\ai-iai\...\ak 

i= 

-{-lY^^p[ai\a2\...\ak^i]akn 



i=2 



The complex IB A = iB(Q; A] Q) is a differential graded coalgebra whose comultiplica- 
tion is defined by 

r 

A[ai| • • • \ar] = ^[ai\ ■ ■ ■ \ai] ® [aj+i| • • • \ar] . 



i=0 



2.3 Hochschild cohomology 

Let A be a differential graded algebra and A^ a differential graded ^-bimodule. The 
Hochschild cochain complex of A with coefficients in M is the cochain complex 

C*{A;N) = {Rom{TC{sA),N),Do + Di) = Roira^IB {A; A; A) , N) , 

with A'^ = A ® A°PP. The differential Dq + Di comes from the natural differential on 
}lomA4mA;A;A),Ny. Z^o(/)([]) = (i7v(/([])), I?i (/)([]) = 0, and for A: > 1 and / G 
Rom{TC{sA),N), then 

k 

^o(/)([ai|a2|...|afc]) = d7v(/([ai|a2|...|afc])) + (-1)1^1 ^(-lf'/([ai|...|dAa.|-l«fc]) 

and 

D,{fY[ai\a2\...\ak]) = -(-1)1^1 ((-l)!"^^! I^lai/([a2|...|afe])) 

(-1)1^1 (EL2(-ir'/([ai|-l«.-i«.|-IM)) 
(-1)1/1 (+(-l)^^/([ai|a2|...|afc_i])afc) , 

where ej = |sai| + \sa2\ + ... + |soj_i|. 

The cohomology of C*{A; N) is called the Hochschild cohomology of A with coefficients in 
N is and is denoted by HH*{A; N) . 

The natural cup product on Hom(lU(s^), A) defined by 

fUg = fiAo{f(E>g)o A^(^^) , 

makes C*{A;A) a differential graded algebra, and HH*{A;A) into a commutative graded 
algebra C[TT]'). 



2.4 The chain coalgebra and the cochain algebra on a differential graded 
Lie algebra 

The chain coalgebra on a differential graded Lie algebra {L,dL) is the graded differential 
coalgebra 

C^L = {AsL,do + di) . 

The differential and the comultiplication are defined by 

k 
do{sxi A • • • A sxk) = — ^(-1)^J<' ^^^ sxi A • • • A sdiXi A • • • A sx^ , 

di{sxi A ■ ■ ■ A sxk) = ^ { — iy^^s[xi,Xj]A---sxi---sxj---Asxk, 

l<i<j<k 
k 

A{sxi A • • • A sxk) = Y^ Yl ^^^{3X^(^1) A • • • A sx^(j)) O (sx^(j+i) A • • • A sx^(fc)) , 

j=0 aeShiJ) 

where e^- is the usual sign associated to the graded permutation a, Sh{j) denotes the set 
of (j, k — j)-shuffles, and 

Cij = \sxi\{l + Y\sxk\) + \sxj\{ Y^ \sxk\). 

k<i k<j,kj^i 

For each left L-module N and right L-module P we can define the complex 
C*(P; L; N) = {P(^ C^L 0N,do + di) , 
with 

do{p 0c(g)n) = dp0c^n + (-1)1^1^ (g) do{c) (E)n + (-l)IPl+l'=lp 0c0dn, 

di{p sxiA • • • A sxk (X) n) = 

(_l)|p|p (g) di{sxi A • • • A sxk) (8) dn 

+ I]i=i(-1) 'i^^j<!i ^'^p- Xj (8)sxi A •••sxj- •• Asxfc (g)n. 

The chain complex of L with coefficients in a left-module A'^, 

a(L;iV):=C,(Q;L;iV) 

is a left C*-L-comodule. In a similar way the chain complex C*(P;L) := C*(P;L;Q) is a 
C^,L-right comodule. Here Q is equipped with the trivial action. 

When N = UL with the action induced by left multiplication then C\{L, UL) is a left 
C^=L-comodule and a right L'^L-module and both structures are compatible. Moreover the 
augmentation 

a(i; UL) = C^L^UL^q 

is a quasi-isomorphism. 

The cochain complex of L with coefficients in a right L-module R is defined by 

C*{L- R) = RomuLiC^L; UL), R) . 

The homology and the cohomology of L with coefficients in a module N are defined 
by H^L; N) = H^{C^{L- N)) and H*{L; N) = H*{C*{L; N)). 

The cochain algebra on a differential graded Lie algebra (L, d/,) is the graded differential 
algebra C*L = C*{L;Q) = Hom(C*L,Q). 



2.5 Semifree resolutions 

Let A be a differential graded algebra. A module P is called a semifree module if P is 
equipped with a filtration P = Un>o-P(n), satisfying P{0) = 0, P{n) C P{n + 1) and such 
that P{n)/P[n — 1) is free on a basis of cycles (;8J. 

For any ^4- module A^, there exists a semifree module P and a quasi- isomorphism (/? : 
P ^> N. The module P is called a semifree resolution of A^. 

For instance the complex ]B{A;A;A) ^ ^ is a semifree resolution of A as an A'^- 
module 4.3(h)]. 

The complex C^{UL] L; UL) = UL®C^L®UL is a semifree resolution of UL as an UL- 
bimodule. This follows from the quasi-isomorphism of f/L-bimodules 9 : C.f{UL] L; UL) -^ 
UL defined by 9{a®l®b) = ah and 9{a®c®h) = for a,b eUL and c e A+(sL). 

3 A 'Sullivan model' description of the loop product 

3.1 A definition of the loop product at the homological level 

Let M be a closed riemannian m-dimensional manifold and AM ^-> M x M be the diagonal 
embeding of M in M x M. We denote by z^ the normal bundle of AM in M x M which is 
identified with the tangent bundle tM of M. The exponential map of the normal bundle 
v, defined only on a neighborhood of the zero section of i^, induces a diffeomorphism from 
a TTi-dimensional disk bundle, tdM, onto a tubular neighborhood, denoted A", of AM. 
The associated {m — l)-sphere bundle, tsM is diffeomorphic to the boundary dN of A^. 

Let p : L{M x M) = LM x LM -> M x M p{uj,uj') = (a;(0),a;'(0)) be the product 
of the two loop fibrations. We consider the commutative diagram 

LM xm LM = p-\AM) ^^-^ p-\N) — '-^ LM x LM ^ — -p-^{M x M - AM) 



Q 

M = AM ^ N '—^ M X M ^ ^ M xM - AM , 



where i,j,k,i',j' and k' are the natural inclusions. 

One observes that in the above diagram the vertical maps p', q and p" are pullback 
fibrations and that p^^{N) can be identified with the pullback of the fiber bundle t^M 
along q: p-^{N) ^ q*TDM . 

The loop multiplication on H^[LM) with coefficients in Q is then defined by the 
composition of maps 

H^{LM) ® H^{LM) 

H^{LM X LM) ^ H^{LM x LM,p-^{M x M - AM)) 

e\= 
H,{p-^{N),p-^dN)) 

H,{q*TDM,q*TsM) 

H,-ra{LM XM LM) IlZ^ ^ H,^^{LM) 

Here 7 : LM x^ LM — > LM denotes the composition of loops, E is the classical excision 
isomorphism and Th^, is the Thom isomorphism recalled below. 



We recall that, if p : X ^ M is a m-dimensional vector bundle with associated disk 
bundle, Xd, and sphere bundle Xs, there exists a class a G H"^{X£), Xs), called the Thorn 
class of the disk bundle, such that the cap product with a followed by the projection 
on M induces an isomorphism Th^ : H^{Xd,Xs) -^ H^-m{M). Here we consider the 
normal bundle v defined above and its ?TT,-dimensional disk bundle tdM, that defines 
the Thom class a G H"'{tdM,tsM). The isomorphism Th^ : H^{q*TDM,q*TsM) -^ 
H^-rn{LM Xm LM) is the cap product with q*a followed by the projection. 

3.2 The Sullivan minimal model of M 

The Sullivan minimal model of a simply connected closed ?7i-dimensional manifold M, 
A^M) is a commutative differential graded algebra defined over the rational numbers that 
represents the rational homotopy type of M Ql8j.[H]). As an algebra Mm is a free graded 
commutative algebra. 

Mm = ^V , 

with V^ = Hom(7r„(M),Q). The differential d satisfies the minimality condition d(y) C 

The minimal model is unique up to isomorphism. It depends only on the rational 
homotopy type of M and contains all the rational homotopy informations of M. In 
particular there exists a differential graded algebra B and quasi-isomorphisms 

MM^B^C*{M-q). 

There exists also a quasi-isomorphism of differential graded algebras tp : Mm (Xi K ^ 
QdrM, where ^drM denotes the algebra of de Rham forms on M. 

More generally a Sullivan (or free) model for M is a commutative differential graded 
algebra (AW,(i), that is free as a commutative graded algebra, for which there exists a 
quasi-isomorphism (p : Mm -^ (AW,(i), with W = W-'^ a finite type graded vector space. 
It is sometimes more convenient to work with free models having special properties than 
to work with minimal models, as we will see further. 

3.3 Examples of models 

Let {AV, d) be a free model of M. A free model for the free loop space LM is given by 
{/\V (g) /\sV,D), where {sVY = V""^^ , D{sv) = —s{dv), where s has been extended to 
AV (g) AsV as a derivation satisfying s{v) = sv and s{sv) = (HO]). 

A model of LM xm LM is then given by {AV AsV (g) As'V, D) where [s'VY = 1^""^^ 
and D{s'v) = -s'{dv). In other words, {AV ® As'V, D) is a copy of {AV ® AsV, D) and 

(Ay ® AsV ® As'V, D) = {AV ® AsV, D) ^av {AV ® As'V, D) . 

A model for the diagonal map A : M ^ M x M is given by the multiplication 
H : {AV,d) (g) {AV',d) -^ {AV,d) where {AV',d) = {AV,d). The Sullivan relative model 
oi 11, is a commutative diagram in which cp is a quasi-isomorphism and i the canonical 
inclusion 

{AV, d) ® {aV, d) — ^ {AV, d) 



{AV®AV'®AV,D). 
Here V"^ = F"+i and D{v) -{v-v')eV(B A~^'^{V ®V' (S)V). 



3.4 A Sullivan model for the loop product 

In the next section, we will construct an explicit model for the composition of paths 
LM Xm LM -^ LM that has the form 

c : {AV (g) AsV, D) -> {AV ® AsV As'V, D) . 

Denote now by um a cycle in Hom(Ay, Q) representing the fundamental class in ho- 
mology: [um] G Hm{M;Q) = i/m(Hom(Ay, Q)). We choose an homogeneous basis at of 
H*{M) and its Poincare dual basis aj'- 

{ai^a*;[uM]) = ^ij ■ 

We choose then cocycles Oj and aj va. AV whose cohomology classes are respectively ai 
and aY ■ This gives the cocycle 

T = ^{-l)\^'\ai(^af G AF«)Ay. 

i 

By Theorem 1 below, the multiplication by T, 

/XT : (AF, d) (g) {aV, d) -^ {AV, d) (g) {aV , d) 
extends into a morphism of {AV ® AV') differential modules 

/XT : {^V (g) AV' (g Ay, D) -^ {AV, d) {AV', d) . 

We have thus defined all the terms involved in the diagram 

{AV CdAsV,D) 



{AV ® {AsV (g As'V), D) ^ -XaV g) AV ® AV ® {AsV g) As'V), D') 

{AV (g AsV, D) {aV As'V, D) 
Theorem A of the Introduction can be now expressed in more explicit terms 
Theorem A. The induced map in cohomology 

H*{nT (g 1) o iJ*(^ g) l)-i o H*{c) : H*-"'{LM) -^ H*{LM) ® H*{LM) 
is the coproduct on H*{LM) dual to the loop product on H^{LM). 
Proof. We have to compute the map induced in cohomology by the composite (1) 
C*~"'{LM Xm LM) 

C*{q*TDM,q*TsM)^ C*{p-'^{N),p-^dN)) ^ C*{LM x LM,p-^{M x M - AM)) 

i 
C*{LM X LM) 

where f3 is the Thom class of the disk bundle p^^{N) -^ LM xm LM. Since this fiber 
bundle is the inverse image of the disk bundle A^ -^ M, [3 = q*{l3'), where /3' is the Thom 



class of ToM . We observe that the diagram (1) is obtained by pullbacking p along the 
maps arising in the diagram 

(2) u/3'i 

C*{tdM, tsM) ^ C*{N, dN) ^C*{M X M, (M x M - AAf )) -^ C*{M x M) . 

A model for the composite (1), as a {/\V (8) AsV) {aV ® As'F)-module is thus obtained 
by making the tensor product of a model of (2) with {AV AsV) {AV' (gi As'V) over 
AV AV . Now it follows from (^, 11.2) that the map induced in cohomology by the 
composite (2) is the cohomology intersection, i.e. the multiplication by [T]. Therefore by 
Theorem 1 below, a model of (1) is given by fix- This ends the proof of Theorem A. D 

Theorem 1. There exists up to hoiiiotopy one and only one niorphisni of differential 
graded {AV AV')-naodule 

f :{AV^ aV ® AV, D) -^ {AV, d) (g) {AV' , d) 

whose restriction to AV (g AV' gives in homology the multiplication by T. 

Proof. The commutation with the differentials gives to the graded vector space 

HomAV^AvKAV' (g AV' (g) AV, AV O A^') 

a differential whose homology classes in degree d are the homotopy classes of module 
morphisms of degree d. By definition of Ext, we have, 

H*{Rom/^V»AV'{AV (g) aV (g AV, AV (g aV) = ExtXy^^y'i^V, AV g) AV') 

where AV is viewed as a AV (g Ay'-module by the multiplication map. 
We use the Moore spectral sequence and consider only the total degree 

Ext*H^H{H, H(^H)^ ExtXv^^v'i^V, AV ® A^') , 

withH = H{AV,d). 

Since if (g ff is a Poincare duality algebra, Ext|^^j:^(Q, H ® H) = for q ^ 2m and 
diTaEyitj^ff{Q, H (g H) = 1. Therefore by induction on the dimension, we have that 

Extjy^jy(E, H^H) = Ext^^^~\E, H(^H) 

when E is finite dimensional and E = E- . Since M is simply connected, H^^^ = 0, 
and the long exact sequence associated to the short exact sequence — > -ff" -^ H ^> 
H/H"" -^ gives Ext^^^ (if, if g) H) ^ Qa, for some a, and Ext^^j:^ (if , if (g if ) = 
for p = m — 1 and p = m + 1. Therefore the element a will be an oo-cycle and never a 
boundary. In particular 

Ext^y^^y,{AV,AV0AV')^q. 

Since the multiplication by T, if —> if g) if is a morphism of if (g if-bimodules, this 
multiplication is the representant of a generator of Ext'fj^fj{H, H ^ H). 

This proves the existence and the unicity of a map / that extends the multiplication 

by T on AF (g aV. D 

Remark that the existence of fiT and the construction of the model of the composite 
can also be deduced from a more general construction given by Lambrechts and Stanley 
in dSI. 
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3.5 Construction of a model for LM Xm LM 

The free loop space LM is the puhback of the diagram 

LM -^ AflO'i] 



LM 



i 
M 



i (po.pi) 
M X M, 



where Pi (w) =u!{i). In the same way, the space LM x m -^-^ is the pullback of the diagram 

MlO'il XM MiO'i] 



LM Xm LM 

i 

M 



M X M X M . 



where q{uJ,Lo') = {uj{0),uj{1) = uj' (0) , uj' (1)) . The composition of paths LMxmLM -^ LM 
is the pullback of idM and the path composition i' over p: 



LMxmLM 



mIo.iIxmMIo.i] 




MlO'il 



(Po,Pi) 



MxM 



Here p{a,(3,-/) = (0,7). 

Denote now hy a : M ^ M'-^'^' the map sending a point to the constant path at that 
point. Then a is an homotopy equivalence making commutative the diagram 



M[0-i1xmM[0'11 



ia,a) 




MxM 



Therefore a model of z/ is a model of idM ■ A model of the loop composition LM x m LM -^ 
LM is then obtained by the tensor product over a model of p of a model of idM and a 
relative model of idM- Denote by 



{AV (g) AV (E) AsV, D) 



{AV(S)AV',D) 



iAV,d) 



a model of the multiplication p as defined in 3.3: {AV',d) is a copy of {AV,d), {sVy 
F"+\ D{sv) -v + v' e A^2(y y e sV) © sV, p{v) = p{v') = v and ip{sv) = 0. 
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We first construct a relative model c' of u. 



V'i^AVP 



i AV^AV'^AsV 



AV^Ay'i^AV" 
^7 




■AV 



Ay(g)AV" 



Here Z = (A(F ®V'e V" ® sV ® s'V), D), 7(0 (^b') = a0 b" , {aV «> AV" (g) As'V, D) is 
a copy of {AV AV' ® AsV, D) and 

{A{V ®V' ® V" ®sV® s'V), D) = {A{V ®V' ® sV),D) 0/,^, {A{V' V" s'V), D) . 

A model c for the path composition is then obtained by the tensor product of c' with 
{AV, d) over AV ® AV ® AV" . 

{AV(^AV'<^AsV,D) 4 {A{V®V' ®V" ®sV®s'V),D) 

(AF (g) Asy, L>) A {AV ®AsV ®As'V,D) 

Here 7r(w) = 7r(i'') = 'k{v") = v, tt{sv) = sv and tt{s'v) = s'v. 

3.6 The example of formal spaces 

Let M be a formal space, i.e. a space M whose minimal model {AV, d) is quasi-isomorphic 
to {H*{M),0). Examples of formal spaces are given by simply connected compact Kahler 
manifolds (jjj) and homogeneous spaces of rank zero (quotient of compact connected Lie 
groups by closed subgroups of the same rank) . 

Denote by (A^ ^ AV, D) the minimal model of the free loop space LM. When M is 
a formal space the coproduct dual to the loop product is the map in cohomology induced 
by the composition 

{H*{M)^AV,D) ^ {H*{M)(^A{V®V'),D) ''^ {H*{M)®AV,D)®{H*{M)^AV,D). 

with {H*{M)^AV,D) = H*{M)^^v {^V ® AV,D), and where c is a model for the path 
composition LM Xm LM -^ LM. 

The particular case M = CP". This is a formal space whose minimal model is given 
by (A(x, y), d), d{y) = x"+\ |a;| = 2, \y\ = 2n + I. 
The model of the free loop space is 

(A(x, X, y, y),D) , D{x) = , D{y) = -{n + l)x'^x . 

Since we have a quasi-isomorphism {A{x,x,y,y),D) -^ {A{x,x,y)/{x^^^),d), the coho- 
mology of the free loop space is 

H*{A{x, X, y)/(y"+^), D) ^ Q • 1 (^A+{x, x)/{x''+\x''x) Ay) . 

A model c of the path composition LM Xm LM -^ LM is given by 



c{x) = x + x' , 



/-N - -/ n{n + l) „_i__, 
c{y) =y + y' !^ ^x" ''xx' . 
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The dual of the loop product is quite easy to handle and is induced by the map 

e : iH*{M) ^ A{x,y),D) ^ {H*iM) ^ Aix,y),D) ^ iH*{M) ® Aix,y),D), 



p=Qj=0 

n s—1 

p=Oj=0 



^(^+^) Y^ \^ r^^n-l+p--[j] ^ ^n-p--[s-j] 



(n s 
p=Oj=0 

with a G H%M) and yW = y'/s\. 

We consider the basis for the free loop space homology formed by the elements 

l,ap,g,&r,s, p=l,...,n, q>0, s > 0, r = 0, ...,n-l, 

with \ap^q\ = 2p + 2qn, \br,s\ = 2r + l + 2sn, corresponding by the isomorphism H*(LM) = 
}iom{H^{LM),Q) to the classes 1, x^y^, and x^xyl"?!. 

(a x'v^'h - / ^ ^^ (^''?) = (^'*) (6 x'^xi/W) - / ^ ^^ (^'^) = (^'^) 

^^•«' ^ '~\0 otherwise ' \''P'9>^a;y /-jg otherwise 

From the description of the map 9, we deduce that the loop product is described by the 
formulas 

This shows that 

M,(L(CP"); Q) ^ A(a, 6, t)/(a"+\ a"6, a"t) , 

with \a\ = —2, |6| = —1 and |t| = 2n, a = an-ifl, b = bn~ifl, t = 0^,1- Note that this 
computation can also be found in [S] as an application of a spectral sequence defined by 
Cohen, Jones and Yan. 

4 The string bracket 

Following Chas and Sullivan |3], we call string homology the equivariant homology of the 
free loop space 

The circle fibration 5^ —f LM x ES^ — > LM X51 ES^ leads to the exact Gysin sequence 

• • • ^ M„ > rtn > rLn-2 > ^^n-l ^ • • • 

where c is the cap product with the characteristic class of the circle bundle. 

Definition. The string bracket on 7^* is the binary operation [—, — ] : 7^* ®7i*.^ 'H*~2 
defined by 

[a, b] = {-l)\''\H,{p){M{a) • M{b)) , 

where the product • is the loop product on M.^{LM). Chas and Sullivan prove that 
{T~i*i [—,—]) is a graded Lie algebra of degree 2(0, Theorem 6.1). 
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Using results on the rational cohoniology of LM x 5^1 ES^ , P] , and the splitting of the 
long exact Gysin sequence in cohoniology for formal spaces, |^, it is easy to prove: 



Theorem 2. Let M be a 1-connected closed manifold such that H*{M,Q) is a truncated 
algebra in one generator, then the string bracket on the string homology 7i^ is trivial. 

Proof. 

From ^2 , we have the following facts: 
If H*{M) = Ku with \u\ = 2p + 1 then 7^2i = for all i. 

If H*{M) = Au/{vP'~^'^) with \u\ = 2p, then diniQ Ti.2i = 1 for all i. Furthermore, the space 
M is formal and it is shown in |19j that the map c is an isomorphism. 
In the two cases above, we get the nullity of the maps: 

E = H,{p) ■.M2i^n2^ 
M■.n2^^ M2i+l 

Let a € Ti2i-i and b G Ti.2b-i, for some (i, j) E Z^, then M(a) • M(6) G El2(j+j+i), so we 
have 

[a,b] = -E(M(a)«M(6)) =0. 

D 

Description of the Gysin sequence. When {AV, d) denotes the minimal model of M, 
the Gysin sequence in cohomology can be easily computed using models ([20]; |21)- First 
of all a model of LM is {/\V A{sV),D) with D{sv) = —s{dv). Furthermore a model 
for the equivariant free loop space LM x^i ES^ is given by the commutative differential 
graded algebra 

{AV (g) AsV (g) Au, D) , D{u) = , |n| = 2 , D{v) = d{v) + us{v) , D{sv) = -s{dv) . 

A model for the inclusion LM — > LM X51 ES^ is given by the projection 

vr : (Ay (g) AsV (g) An, D) -^ {AV (g) AsV, D) 

defined by 7r(u) = 0. The map s is the map induced in cohomology by the derivation 
defined by s{v) = sv and s{sv) = for all v G V. The Gysin sequence in cohomology is 
then identified with a long exact sequence defined in terms of the Sullivan models 

H'^iLM) -^ H'^{A{V®sV),D) 

T ^"(p) T ^"W 

H'^iLM XgiES^) ^ H''{A{VesV®Qu),D) 

] c' ] Uu 

H'^-^iLM XgiES^) -^ H''-^iAiV®sVeQu),D) 

t M' t s 

H^'-HLM) -^ H''-\a{V(SsV),D) 

Therefore we have proved 

Theorem 3. With rational coefRcients, the string bracket is dual to the linear map 
6^ : F*i (LM) -^ H*, (LM) (g H*^ {LM) dehned by the composition 

H*i{LM) ^^ H*{LM) ^*(f'TmoHH^r'oH'(c) h* {LM)®H* {LM) ^ Hl-,{LM)®Hl^{LM) 
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Example. Let M be the product of two spheres of odd dimension A^. Models for M, LM 
and LM X51 £'5'^ are then given by 

M: (A(x,y),0), 

LM : {A{x,y,x,y),0), 

LM X51 ES^ : {/\{x, y, x, y, u),D) , Du = D{x) = D{y) = , Dy = uy , Dx = ux . 

A set of cocycles representing a basis of the vector space H%i{LM) := H%i{LM)/Qu is 
composed of the elements ([2]) 

ea,b = xV, (a,6)GN2-(0,0) 
fa,b = (yx - xy)x''y^ , (a, 6) G N^ . 

The vector space H*[LM) has the following basis 

f f e'^^ = xyx''y\ (a, 6) G N^, 

^ ^'^'' [ fi = VV\ b G N 

From the above description of the Gysin sequence we deduce H*(p)(ea^b) = ^a,b-, H*{p){fafi) 
fa,b, M'(/;,) = ea+i,b, M'{e'^,) = /,,b, M'(/^') = eo,6+i, M'{ea,b) = 0, and M'(/,,,) = 0. 

To fix signs, denote by xy the fundamental class of AI. A straightforward computation 
shows that 

6^(u'') = 

p 9 

r=0 s=0 

fe''(/p,g) = (/o,o ^ 1 + 1 ® /o,o)(x y - y x) • 6V(xPy'?) 

To describe the string bracket in 7-^* (M) we choose dual basis tr , ap^q and bp^q of w'' , 
x^y'' and fp^q. In that basis the string bracket satisfies 

\h r, ] — f k+l\ f m+t \ km-lt t 

[Ok,t,ai,m\ - [ k ) [ t ) (k+l)(t+m) Ofc+«-l,t+m-l > 

r ^ 1 _ /^ fc+M 1^ "*+* ^ lt~km „ 

[ak,t,ai^rn\ -\k)\ t ) {k+l)(t+m) O-fc+Z-l.t+m-l , 

In particular the string Lie algebra Tlit^M) is not nilpotent, since for instance [oi,i,ar,s] = 
(r - s) ar,s ■ 

5 Hochschild cohomology of a Lie algebra 

Let (L, di) be a differential graded Lie algebra. The chain map 

ip:C,L^ B{UL) 
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defined by 

(p{sXi A • • • A SXn) = ^ ea[x„ii) I • • • \x„i^ri)] , 

is a quasi-isomorphism of coalgebras (|H|, Proposition 22.7), that can be extended for each 
right L-module P and each left L-module N into a quasi-isomorphism of complexes 

<^ = 1^^(8)1:C4P;L;N) -^ ]B{P,UL,N) . 

In particular when P = N = UL, <1> is a quasi-isomorphism of C/L-bimodules. 
By composition with $ we get a quasi-isomorphism of complexes 

Rom{^, UL) ■Y{on\^jjLY{JB{UL;UL-UL),UL) -^Rom(^uLr{C^{UL;L-UL),UL). 

The linear isomorphism Hom.(jjiY{C*(U L;L\U L),U L) = Hom(Q(C*L, L'^L) gives to the 
right hand side complex an algebra structure: 

f -g-.C^L^C^L® C^L ^-^UL®UL^UL. 

The left hand side complex is equipped with the Gerstenhaber usual product. 

Theorem 4. The correspondence Hom{^, UL) is a quasi-isomorphism of differential 
graded algebras inducing in homology an isomorphism of graded algebras 

HH*{UL,UL) ^ H* (^Hom(^u^e{C^{UL; L;UL),UL) 



Proof. We form the commutative diagram 

Rom(^ULY{lB{UL;UL;UL),UL) ^°^^^^ Rom(^uL)e{C^{UL;L;UL),UL) 

i= i= 

Rom{lB{UL),UL) Horn(^UL) Rom{C,{L),UL). 

Since (p is a morphism of coalgebras, Hom(99, UL) is a morphism of algebras. D 

The canonical isomorphism 

Ilom^ULriC*{UL;L;UL),UL) ^i{omQ{C,{UL;L;UL) 0^ULr iUL)'',Q) 
gives then clearly the isomorphism 

HH*{UL; UL) ^ Hom (if, (C^UL; L; UL) (^(^ULY (UL)"") , ( 

We equip UL and {UL)^ with the left adjoint representation, 

I • X = [/, x] , (/ • f){x) = -(-i)l'M/l/([/, x]) , ieL,xeUL,fe (UL)'' , 

and, to avoid confusion, we denote these modules respectively by {UL)a and (UL)'^. Then 
a straightforward computation shows 

Lemma 1. The linear isomorphism 

C,{L, (UL)l) = C,{UL- L; UL) ®^uLr (UL)"" 
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is an isomorphism of chain complexes. 

The chain complex C^{L] (UL)'^) is a coalgebra that is the tensor product of the 
coalgebras C^[L) and {ULY. The dual algebra is the cochain algebra C* {L; {U L)"^) . 
Since Hom(a(L; (f/L)^),Q) = Homt/L(a(L; UL), {UL)a) = C*{L; {UL)a), we deduce 

Corollary 1. Let L be a differential graded Lie algebra, then we have isomorphisms of 
algebras 

HH*{UL, UL) ^ Hom {H,{C,{L; {ULY,)), Q) ^ H*{C*{L; {UL)a)) . 



6 Lie models and the cap product C*{L; M) -^ Cm-*{L; M) 

6.1 Minimal Lie models 

Let 5 be a simply connected space. By Quillen theory (fZl^ff^l'ISl)) we can associate to 
S a differential graded Lie algebra L = Cs, that is free as a graded Lie algebra, L = h{V), 
with a differential d satisfying d{V) C L-^(y) (the sub vector space generated by the 
brackets of length at least two) . 

The differential graded Lie algebra L contains all the rational homotopy type of S. 
In particular there exists a quasi-isomorphism from the enveloping algebra on L into the 
chain algebra C*(OS';Q), 

^ps:UL^C4nS;Q). 

Moreover a differential graded Lie algebra L is a Lie model for S if and only if the cochain 
algebra on L, C*L, is a Sullivan model of S. 

6.2 A Lie model for LM 

Starting from a differential graded Lie algebra L we construct another differential graded 
Lie algebra L , that is a Lie model for LM when L is a Lie model for M. 
The differential graded Lie algebra L^ is defined as follows 

L^ = Ln®Ln, L„ = L„+i, dx = -dx, (-l)l''l[a, 6] = joTftJ, [a,6]=0. 

In particular L is an abelian sub Lie algebra. By the Poincare-Birkhoff-Witt Theorem the 
chain coalgebra C^L = A{sL) is isomorphic to UL as a differential graded coalgebra: 

(/? : C*(-L) ^—f UL , ip{sxi A ■ ■ ■ A sxn) = xi- ■ ■ Xn ■ 

Since C*{L^) = C^.{L) ® C^{L), we have by direct computation 

Lemma 2. The morphism liSxp : C^{L^) — > C^:{L; {UL)a) is an isomorphism of coalgebras. 

The relation with the free loop space is the content of Theorem 5. 

Theorem 5. If L is a Lie model for M, then L is a Lie model for LM, and a Sullivan 
model for LM is given by the commutative differential graded algebra C*{L; (ULY). 

Proof. Since L is a Lie model for M, C*{L) = {AV, d), with V = s{L'^) (8 , p. 320), is a 
Sullivan model for M. We remark that 

C*iL^) = iAiV(BsV),D) 
17 



with D{v) = d{v) and D{sv) = —sd{v). Therefore L is a Lie model for LM. 

The last assertion follows from the following sequence of isomorphisms of differential 
graded algebras 

C*(L^) ^Hom(a(L;(C/L)„),Q) = Rom{C,iL;UL) (^UL iUL)a,Q) 

= RomuLiC.iL; UL), {ULY,) = C*{L; {UL)l) . 

U 

6.3 A cochain model for the path composition LM Xm LM -^ LM 

The multiplication fi : UL (g) UL -^ UL is a morphism of UL-modu\es for the adjoint 
representation. Here UL acts diagonally by adjunction on UL (g) UL. Therefore we have 
a morphism of cochain complexes 

C*{L; ^^) : C*(L; (ULY) - C*(L; {UL^ (UL):) . 

Theorem 6. When L is a Lie model for M, then the morphism C*{L; fi^) is a morphism of 
commutative differential graded algebras and is a Sullivan model for the path composition 

LM Xm LM -^ LM. 

Proof. The complex C^:{Q;L;UL) is a differential graded coalgebra whose coproduct is 
the tensor product of the coproduct on C^:L and the coproduct on UL. The diagonal A 
on C^,L induces a quasi- isomorphism of differential graded coalgebras 

A' : C^L -^ a(Q; L; UL) 0uL C^UL; L; Q) 

defined by A'(x) = X^i Xi ® 1 ® x[ when A(x) = ^,iXi® x[. 

The dual map (A')^ : C*L®{ULy ®C*L -^ C*L is a quasi-isomorphism of differential 
graded algebras, and the injection 1 (g) e' (g) 1 : C*L ® C*L —^ C*L {UL)^ (g C*L is a 
relative Sullivan model for the product ^ : C*L g) C*L -^ C*L. Here e : UL -^ Q denotes 
the augmentation of UL and e' the dual map. 

A cochain model for the diagram 

M ^ M X M ^ M 

II 1 P II 

M ^ MxMxM ^ M 

is given by 

C*L ^ C*L(g)C*L A C*L 

II 1®T®1 i 

C*L ^^ti^°^ C*L<^C*L(g,C*L ^^^^"^ C*L. 

Here p{a, b, c) = (a, c) and r denotes the unit Q -^ C*L. In order to replace the maps fi 
and (^ (g) 1) o ^ by relative models, we decompose the right hand square into two squares 

C*L^C*L ^®^®^ C*L®{ULy (^C*L ^^T C*L 

1®T®1 i i 1®V'®1 II 

C*L®C*L®C*L ^ C*L®{ULy ®C*L®{ULY ®C*L ^^ ^ ^'^ ' C*L 



MxM 


U 


MxMx M 


C*L ® C*L 


1®T®1 i 



where C'L ® {Uiy ® C*L = {C^{L;UL) ®UL C^{UL-L)Y, e = 1 e' 1 e' ® 1, 
C*L ® {Uiy ® C*L ® {ULY ® C*L = {C^L; UL) ®UL C^{UL; L; UL) ®UL C^UL; L)Y , 
V is the coproduct on (ULY and V' is the composition 



V : (UL) 



V V, 



(UL)' 



^ (f;^)V i®i®i (f^^^v ^ (j*j^ ^ (^^)^ 



{C^{UL-L-UL)y 



Now we consider the following commutative diagram in which the front face and the 
back face are fiber squares. By section 3.5, this implies that C*{L; ^u^) is a model for the 
path composition LM Xm LM -^ LM. 



C*{L;{UL)a) 



C*(L;{UL)a<i${UL)a) 



{C4L;UL)(S,uLC4UL;L)y 

10V'(g)l 



C*L 





C*L 



(/i(g)i)/i 



c* mc* mc* L 



with E = {C,{L- UL) ®UL C^{UL- L; UL) (®UL C^UL; L))^ 



D 



Denote by Lf and Lf two copies of L^ , and L^ = Lf ©/, Lf = L © Li © Z2. We 
denote by tt : L — > L the projection obtained by mapping identically each Lf to L . 
We observe that C^{L'^) is isomorphic to C^{L; {UL)^ ® {UL)^) and that the following 
diagram commutes 



C^iL-iUL)^^ 



c*(L;m^) 



C*{L-{ULY®{UL)r, 



Hom(a(L;(t/L)„),( 



Hom(C,(L;^),i 



}lom{C,{L-{UL)a® {UL)a),( 



C*{L^) ""-^^ C*{L^) 

This shows that tt : L^ -^ L^ is a Lie model for the path composition LM x^LM -^ LM. 

Recall that a coformal space is a space that admits a Sullivan minimal model with 
a purely quadratic differential. The minimal Sullivan model of a coformal space is the 
cochain algebra on the Lie algebra 7r*(r2M) (g) Q. Therefore, 

Corollary 2. Let M be a coformal manifold with minimal model {AV,d), then a model 
for the path composition LM Xm LM -^ LM is given by 

id's) A: {AV (g) AV, D) -> {AV (S AV ® aV), D) , 

where A is the coproduct in AV = H*(Q.M) and {AV ® AV , D) is the model of the free 
loop space. 

Example. Let M be the 11-dimensional manifold obtained by taking the pullback of the 
tangent sphere bundle to S^ along the map f : S"^ x S"^ —>■ S^ that collapses the 3-skeleton 
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into a point. 

M -^ TsS^ 

i i 

The minimal model of M is 

(A(x, y, z),d) , dx = dy = , dt = xz , \x\ = \y\ = 3 ,\z\ = 5 . 

Thus M is a coformal space. A model for the path composition M'-^'^' Xm M'-^'^' -^ M'-^'^^ 
is given by 

If : (A(x, y, z, x' , y', z' , x, y, z),D) -^ (A(a;, y, z, x\ y' , z' , x" , y" , z" , x, y, z, x' , y', z'),D) , 



with D{x) = x-x\ D{y) = y-y', D{z) = z - z' - \x{y + y') + ^(x + x')y, D{x') 

\x'{y' + y") + \{ 



x' - x", D{y') = y' - y", D{z') = z' - z" - \x'{y' + y") + i(x' + x")y' , (^(x) = x + x', 



'/'(y) = y ~^ y' J V(-^) = z + z' + ^xy' — \x'y. The induced model for the path composition 
LM X M LM -^ LM is then given by 

ip : (A(x, y, z, x, y, z),D) ^ (A(x, y, z, x, y, z, x' , y' , z), D) 



with D{x) = 0, D{y) = 0, D{z) = -xy + xy, D{x') = 0, D{y') = 0, D{z') = -x'y + xy' 

2-^y ~ 2' 



ip{x) = X + x', ip(y) =y + y', ip{z) = z + z' + \xy' - \x'y. 



6.4 The cap product 

Let L be a differential graded Lie algebra and A^ be a left t/L-module. Then iV is a right 
C/L-module for the action defined by 

n.x:=-(-l)l"l-l^lx-n. 

This gives the opportunity to consider in the same time a module as a left module and as 
a right module. 

Let c = X]j sxi^ A • • • A sxiq be a cycle of degree m in CqL. We define the cap product 
by c, 

capc : C^^'m N) = YiouiuL{Cq-r{L- UL),N) -^ Cr{L- N) 

by mapping an element / to the element /He defined by 

/nc = (-1)- Y. E (-l)l^|-(l^"-(n)A-A-.,..)|) ^^ ^^^^^^^^. . .ASX,(,^)^/(SX.(,^^^) . . . SX,(,^)) 

Remark that in C*{L; N), N is considered as a right C/L-module and in C^{L] N), N 
is viewed as a left C/L-module. By a standard computation we then have 

Lemma 3. Tlie morphism capc is a natural morphism of complexes: If g : P ^ N be a 
niorphisni of left UL-modules, then the following diagram is commutative 

C,{L-P) ^*-H'^ C,{L;N) 

capc] capcl 

C*{L-P) ^^^^ C*{L-N) 
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In particular since the multiplication ^u : UL®UL — > f/L, and its dual co- multiplication 
fjy are morphisms of C/L-modules for the adjoint representation, we have 

Theorem 7. The following diagram commutes 

capc'l capc'l 

C*{L; {UL)l) '''^^^ C*{L- {ULY, ® {ULyj 



7 Proof of Theorem B 

The proof is based on the following diagram 

CJL-y) CJA;id) 

a(L;(C/L)r) > C,m{ULmL))i) > C,{L:iULr^)(^C,(L;{UL))i) 



T capc T 



capc 



C*(L-u^) 
C*m(ULYJ —^ C*{L;{UmULy^) T {capc)(g){cap^) 

r = 

C*(L;{UL)'i)®C*{,L;{UL)'i)®hV -^ C* {L;{,U L)l)®C* {L;(U L)^) , 

where c is a cycle representing the orientation class in homology. The dual of the upper 
row induces the Gerstenhaber product in Hochschild cohomology (Section 5, Corollary 
1), the left hand square is commutative by Theorem 7, and the bottom line induces in 
cohomology the dual of the Chas-Sullivan product (Theorem A and Theorem 6). Since 
H*{L; Q) satisfies Poincare duality, a classical spectral sequence argument shows that capc 
is a quasi-isomorphism. We will prove in this chapter (Theorem 8) that the right hand 
square commutes in homology. This will end the proof of Theorem A. D 

7.1 The cap product and the diagonal class 

Let L be a Lie model for M. The algebra H*{C*{L)) = iJ*(Af;Q) is a Poincare duality 
algebra with a fundamental class in degree m. According to the notations of section 3.4, 
we denote by u = um a cycle in C^{L) whose class is a generator of HmiC^^^L) and by a^, 
i = 1, . . . ,p, a graded basis of H*{L; Q). The Poincare dual basis a^ is defined by 

(oi U af; [um]) = \ I ffiJ^ (M, Theorem ILIO) 

_LL JJ. 

We denote by aj and af cocycles representing the classes Oj and af . The diagonal 
cohomology class (5j\/ is then the class of the cocycle T = X]i(~l) '^i'^^i (ffB] , Theorem 
11.11). 

The purpose of this section consists of the proof of the following theorem. 
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Theorem 8. With the above notations, the following diagram commutes in homology 

C.{L-{ULy,®{ULYJ ''^^^ a{L;{ULZ)^a{L;{ULrj 

T (capn) 

C*{L; {UL)1 «) {UL)1) ] {cap^Mcap^) 

C*{L; {UL)l) ® C*{L; {UL)l) ® ^V "^^ C*{L; {UL)l) ^ C*{L; {UL)l) 
The morphisms fiT and $ are defined in section 3.4. 

For the proof we will use the following general Lemma for modules over differential 
graded algebras. 

Lemma 4. Let R be a differential graded algebra, R V be a semifree R-module, 
and f,g : N ^ P morphisms of right R-modules. If H^{f) = H^,[g) then the maps 

f (^ 1, g <^ 1 : N (g)ji (R 1^ V) ^ P (g)R {R (g) V) induce also the same map in homology. 

We also recall the relation between the diagonal class and the cap product with the 
fundamental class (the proof is a direct computation following the previous definitions). 

Lemma 5. With the previous notations the following diagram is commutative 



H4L;Q) 


— > 


H4L(BL;Q) 


T (capiu]) 




T (caPM)«){cap[„i) 


H*{L;q) 


MT* 


H*{L;Q)®H*{L; 



Proof of Theorem 8. 

We denote R = C*L C*L. We remark that R^V = C*{L; (UL)^) C*{L; (UL)^) 
is a semifree i?-module. Remark also that diagram in Theorem 8 is the tensor product 
of a diagram of i?-module hy R V over R. By Lemma 5, this diagram commutes in 
homology when V = Q. It commutes then in homology by Lemma 4, and this achieves 
the proof of the Theorem. D 

7.2 Proof of Lemma 4 

Let i? be a differential graded algebra. Each differential i?-module N admits a semifree 
resolution, i.e., there exists a semifree i?-module S and a quasi-isomorphism ijj : S ^ N. 
For recall 5 is a semifree resolution means that S = J2n>o^ ^ W{n) with d(W{n)) C 
J2i<n-^ ^ W{i). The sub-complexes F^ = J2q<p^ ® ^('Z) form then a filtration that 
induces a spectral sequence converging to the cohomology of N, with E^ ^ = R® W{q). 

It is easy to see that each module N admits a semifree resolution P such that the 
associated spectral sequence satisfies -Eg,* = H^{M) as an //*(i?)-module and E'^,^ = for 
q>0. 



We can assume that R^V is a semifree resolution satisfying this property. The spectral 
sequences obtained by filtering A^ CS)r RiSiV and P 0^ RCS)V hj the filtration degree in V, 
PP, degenerates at the £^2-term. Since Ei{f) = H{f) (^ idy and Ei{g) = H{g) ® idy, the 
maps / and g induce the same map at the Si-level. Since the spectral sequences degenerate 
at the £^2-terms and the morphisms / and g are the identity on R^V, H{f) = H{g). D 
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8 The intersection morphism 

For each subspace Z "^-> M, we denote by LzM the space of loops in LM that originates 
in Z. We have thus the commutative pullback diagram 

LzM -^ LM 

i i 

Z ^ M . 

Denote now hy D a. closed disk around the base point xq. Since D is contractible, L^M is 
homotopy equivalent to D x QM. The restriction morphism / : H^,{LM) -^ H^,^rn{^M) 
is the composition 

H^{LM) -^ H^{LM, Lm-xoM) ■^^-^°" H^LdM, Lg^-iM) ^ Hm{D, 5™-i)«)F,_„(0M) . 

Let {AV ® AV, D) be a Sullivan model for the free loop space, and let a; G {/\V)"^ be a 
cocyle representing the fundamental class. Then the direct sum J = {/\V)^^ © S", where 
(AF)™" = Q • a; © S*, is an acyclic differential ideal in /\V; the quotient map q : {f\V, d) —> 
{A, d) = {/\V/ J, d) is a quasi-isomorphism. We form the tensor product 

{A © AF, D) := (A, d) ©AV (AF © AF, D) . 

Lemma 6. The injection i : AV ^ A^ AV defined hy i{a) = (— l)™'u; © a is a morphism 
of complexes of degree m inducing in cohomology the dual of the intersection morphism, 
I^ : H*{nM) -^ H*+"'{LM). 

Proof. A model for the injection Lm-xqM ^^ LM is given by the quotient map q : {A0 
AV, D) -^ {A/{ijj)®AV , D). Therefore a model for the cochain complexes C*{LM, Lm-xqM) 
is given by Ker q= (Q • w © At^, 0). This implies that a model for the composition 

H*{nM) ^ H*+"'{LM,Lm-xoM) -^ H*+"'iLM) 
is given by the composition 

AV '^^(^'^®» Q-Lj^AV^H*{A^AV,D). 

D 
Theorem D. There exists an isomorphism of algebras making commutative the diagram 

H^LM) ^ HH*{C*M,C*M) 

li iHH*{C*M,e) 

H^{nM) -^ HH*{C*M;q) 
where e : C* M ^ Q denotes the usual augmentation. 

Proof. 

Denote now by L the minimal Lie model of M. The algebra C*{L; (UL)'^) = C*{L) © 
{UL)^ is then a free model for the free loop space LM, and we can apply Lemma 6 
to this model to have a model for the restriction morphism. Now, since the projection 
q : C*{L; (JIL)"^) ^ ^ © (UL)'^ is a quasi-isomorphism, q admits a lifting q' : (UL)'^ -^ 
C*{L;{UL)l). 
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Denoting by c a fundamental class in homology with (u;,c) = 1, we obtain a commu- 
tative diagram 

(f7L)V X C7*(L;(C/L)V) 

II i (-i)'"-nc 

([/L)v ^ a(L;(C/L)^), 

where e(a) = 1 (g) a. 

The dual diagram yields in homology to a diagram of algebras whose vertical maps are 
isomorphisms 



H^nM) J- 


H.+rr,{LM) 






T 


T 




(*) 


H^{UL) ^ 


i7*(Hom(a(i;(f/L)^),Q)) 


= H*{C*{L-{UL)a)). 





Remark that the two C* (L)-bimodules Ct{L; UL) 0uL Ctf{UL; L) and C*L are quasi- 
isomorphic. Therefore we have by duality a quasi-isomorphism of C*L-bimodules C*L (8> 
{ULY(^C*L = (C7,(L; UL) ®UL C^UL; L)^ -^ C*L. The Hochschild cochain complexes 
of UL and C*L are defined by 

C*{UL, UL) = Rom^uLy (C, {UL; L;UL), UL) 

C*{C*L, C*L) = Hom(c*L)e((C7,(L; UL) ®UL C^{UL; L))"^ , C*L) . 
The isomorphisms 

Hom([;i)e {C, {UL; L; UL), UL) ^ Hom{C^L, UL) 

Rom(^c*Lr{{C*{L; UL) ®UL C^{UL; L))^ , C*L) ^ Hom{{UL)'^ ,C*L) 

induce differentials on the right hand side terms. Now a simple computation (see for 
instance ^9J shows that the map D that associates to a map in Hom(C*L, UL) the dual 
map in Hom((C/L)'^, C*L) is an isomorphism of complexes. This induces the following 
commutative diagram of complexes 

UL ^ Rom^uLY{C^{UL;L;UL),UL) 

UL ^ Hom(C*L, UL) 

Hom((C/L)^,Q) Bomi(ULr,e) Hom((C/L)^, C*L) 

}lom^C'Lr{{C*{L;UL)0uLC4UL;L))'',q) ^'E^''^ C*{C*L,C*L) 

C*{C*L,Q) 

where e : C*L — > Q denotes the canonical augmentation. The result follows now directly 
from the induced diagram in cohomology, combined with diagram (*). D 
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